Abstract: This paper focuses on designing the MIMO tracking control system which can achieve zero steady state errors and obtain desired dynamic performances, simultaneously. By using state feedback, the closed-loop stability and desired dynamic performances are guaranteed. By integrating the deviations between reference inputs and measured outputs, i.e. augmenting system states, the steady state errors are eliminated. The state feedback gain and the forward integral gain are derived synchronously based on closed-loop pole placement method. Studying results indicate the closed-loop system achieves zero steady state errors and obtains desired dynamic performances as well as closed-loop stability. By pole placement of the closed-loop system combining forward integrator with state feedback controller, a complete tracking control system can be designed.
Introduction
For many control systems such as servo or following systems, they require the system outputs must track the system inputs precisely. This implies the steady state error of closed-loop system has to be zero. At the same time, a tracking control system must guarantee its closed-loop stability as well as obtain desired dynamic performances [1] . The steady state error can be eliminated or decreased by introducing integrators and increasing forward integral gain. State feedback or output feedback can be used to guarantee the system stability and dynamic performances [2] . The forward integrator and the state feedback controller should be designed synthetically so that the different control requirements can be met simultaneously [3] .
In this paper, a tracking control system [4] , which has different requirements of stability, dynamic performances, and especially steady state performances, are designed. The stability and the dynamic performances are guaranteed by state feedback with appropriate gain. The steady state performances are achieved by series integrator with appropriate forward gain, which is the integral of deviation between reference input and fedback output. And the forward integral gain and the state feedback gain are determined synchronously by closed-loop pole placement based on state space model.
Tracking Control System and Its Designing Theories
A multi-input-multi-output (MIMO) control system can be represented by state space model as:
(1) where x(t) is n-dimension state vector, u(t) is m-dimension control input vector, and y(t) is r-dimension output vector, and d(t) is n-dimension disturbance input vector, and A, B, C are all constant matrixes with appropriate dimensions. Now a MIMO tracking control system is under consideration. Given the r-dimension reference input vector is q(t), thus, the control tasks are finding an appropriate control input u(t), which can make the closed-loop system meet following requirements while the disturbance input d(t) is acting on the system: 1) the closed-loop system is asymptotically stable; 2) the closed-loop system has desired dynamic performances; 3) the system output y(t) can track the reference input q(t) with zero steady state error.
State Augmentation. Defining deviation vector e(t) as: 
Proving the Existence and Condition of Feedback Control Strategy. Supposing there is a state (including augmented state) feedback control strategy:
where K 1 and K 2 are feedback gain vector of n-dimension and forward gain vector of r-dimension, respectively. If this feedback control strategy is effective, it has to enable the following closed-loop system whose steady state error is zero and which is asymptotically stable:
(7) Firstly, using Laplace transformation to Eq. 7, there can get:
where I is a unit matrix with (n+r) dimension and s is complex variable factor. Then giving the disturbance input d(t) to be step signal d 0 ⋅1(t) and the reference input q(t) also to be step signal q 0 ⋅1(t).
And then using the final value theorem of Laplace transformation there can yield: 
From Eq. 9 there can be observed that x(t) and x (t) are both tending to constants while t is tending to infinity. It means x & (t) and x & (t) are both tending to zero while t is tending to infinity. In accordance with Eq. 4, there can get:
it indicates the steady state error of closed-loop system is zero and system outputs can track reference inputs precisely.
Secondly, In order to guarantee the closed-loop system to be asymptotically stable, all of eigenvalues of augmented system matrix A have to be on the left half of complex plane:
These eigenvalues of system matrix A are completely dependent upon the selections of feedback gain K 1 and forward gain K 2 . Once K 1 and K 2 are selected appropriately, the closed-loop system is not only asymptotically stable, but also can obtain desired dynamic performances.
Solving Feedback Gain K 1 and Forward Gain K 2 by Pole Placement Method. Fig. 1 is shown the control structure of the tracking system represented by Eq. 5, whose states are augmented due to introduction of the integrator. Fig. 1 The control structure of the tracking system whose states are augmented According to the state space theory [5] , if a system can be assigned arbitrary closed-loop poles via state feedback, only when this closed-loop system is of state controllability. So for augmented system shown in Fig. 1 and represented by Eq. 5, its states (including augmented states) have to be controllable. Here gives a theorem without proof to judge the controllability of an augmented system. This theorem can be summarized as follows:
A system represented by Eq. 1 is augmented to be another system represented by Eq. 5. The augmented system will be controllable if and only if the original system is controllable and: nr,mr,()r. 0   =+≥=     rankrank AB C C (12) After the state controllability of the augmented system is determined, the closed-loop pole placement method can be used to solve the state feedback gain K 1 and forward integral gain K 2 .
First assuming that: 
where a 0 , a 1 ,..., a n+r-2 and a n+r-1 are dependent upon k 11 , k 12 ,…, k 1n and k 21 , k 22 ,…k 2r completely. And then listing the eigenpolynomial of the augmented system according to desired closed-loop poles λ 1 , λ 2 ,…, λ n+r which are given or solved on the basis of dynamic performance requirements: 
Designing Example
There is a servo system which has two inputs and two outputs. Control requirements are settle time less than 1 second, overshoot less than 5%, and steady state error must be zero. The state space model of the system is as follows:
(16) It can be verified this open system's state is controllable completely. Therefore, there must have a state feedback control strategy so that the closed-loop poles can be placed arbitrarily. These poles may as well be placed at [-4, -5] (still many other points). Then the state feedback gain K can be solved easily and the state space model of closed-loop system is as follows:
(17) Fig. 2 is shown the unit step responses of this state feedback closed-loop system. There can be observed from Fig. 2 , the steady state errors obviously are not zeros although the settle time is less than 1 second and the system has no overshoot. What's worse, the closed-loop system is coupled seriously between two outputs and two inputs.
The system's states are controllable as well as the system meets conditions that Eq. 12 represents. In order to eliminate the steady state errors and decouple the system, system's states are augmented and system is reconfigured as shown in Fig. 1 (18) Fig. 3 is shown the unit step responses of this state augmentation closed-loop system. There can be observed from Fig. 3 , the steady state errors become to be zeros, at the same time, the settle time is less than 1 second and the system has no overshoot. Furthermore, the second output response to the first input and the first output response to the second input both tend to zeros within the settle time. This means the closed-loop system is decoupled completely. 
Conclusions
By designing state feedback controller, the stability and dynamic performances of the closed-loop system can be guaranteed. Yet there yields steady state errors which are unallowable for tracking control system. In order to eliminate these steady state errors, system states are augmented. The augmented states are integrals of deviations between reference inputs and measured outputs. The state feedback gain and the forward integral gain are obtained simultaneously via closed-loop pole placement. Thus the complete closed-loop control laws of a tracking control system, which can not only guarantee the stability and desired dynamic performances but also achieve zero steady state errors, are designed.
